We report a theoretical study of antihydrogen-hydrogen molecular resonance states consisting of a positron, an antiproton, an electron and a proton. The four particles strongly correlate and show different character from the hydrogen molecule. Because of the non-separability of the positron and electron motions from the antiproton and proton motions, the adiabatic approximation breaks down at the short antiproton-proton distance. Based on a non-adiabatic method, we directly solve the four-body problem and obtain the resonance energies and widths. In order to examine the roles of positron-antiproton and electron-proton correlations as well as positron-electron and antiprotonproton correlations, we introduce two different types of coordinate systems. One is suited for describing an antihydrogen-hydrogen configuration, and the other is a positronium-protonium configuration. The antihydrogen-hydrogen configuration contributes to the existence of the molecular resonance states, and the positronium-protonium configuration makes the resonance states unstable. Mixing of the two configurations results in an antihydrogen-hydrogen molecular resonance state, and the resonance state has an energy of −0.077 9(3) a.u. from the antihydrogen-hydrogen dissociation threshold with its lifetime 16 (2) fs.
Introduction
Formation of a compound of matter and antimatter has been a subject of interest in nuclear physics, atomic physics, quantum chemistry and material sciences [1] [2] [3] [4] because the annihilation of antiparticles gives microscopic information about the momentum and position of the counter particles. In order to carry out precise tests for symmetry between antimatter and matter, cutting-edge technologies such as ultra-high vacuum, high radiation-resistant detectors, precise control of electromagnetic fields and so on are necessary. Confined antiparticles in ultra-high vacuum may cause unfavorable reactions with electrons or nuclei of atoms in impurity gas, and emits signals that can be detected outside with high-efficiency. In other words, antimatter experiments can be a strict test of these technologies. Moreover, theoretical studies play an important role in interpreting such experiments.
Since annihilation cross sections are much smaller than the size of the H atom, annihilation effects are less dominant than atomic collision process. A complex of antimatter and matter would show exotic structures and characteristics under the balance of opposite sign of Coulombic force.
A positronic atom, a bound state of a positron and a neutral atom, is a simple compound of an antimatter particle and matter atom. It has been pointed out that the positron cannot form a bound state with a neutral hydrogen atom and helium atom; therefore, the simplest positronic atom is a positronic lithium atom (e + Li) whose electronically stable bound state was theoretically proved by a precise calculation in 1997 [5, 6] . Theoretical investigations performed since then have revealed that positronium (Ps, a bound state of e + and e − ) formation by configuration rearrangement can contribute to the binding mechanism of the positronic atoms [7] [8] [9] [10] [11] . A host atom like lithium, whose ionization energy is smaller than the binding energy of positronium, can capture the Ps by the electric field of the residual ion. On the other hand, if the ionization energy of the host atom is larger than the binding energy of Ps, the formation of Ps is less dominant, but can indirectly contribute to the binding energy.
The second step to explore matter-antimatter compounds will be represented by a system involving two antiparticles. Recently by using an intense positron beam, Ps 2 consisting of two positrons and two electrons was observed in an experiment [12] . Another two-antiparticle system is the antihydrogen atom (H) which is made of an antiproton and a positron. Experimental techniques to confine and control cold antihydrogen atoms have become more sophisticated recently [13] [14] [15] [16] , and precise spectroscopy [17] [18] [19] is making remarkable progress. Free-fall experiments [20, 21] are also upcoming.
The minimum matter-antimatter compound consists of H and H. The compound is expected to have molecular states below the dissociation threshold of H (1s) + H (1s) similar to H 2 and PsH molecules [22] [23] [24] [25] [26] [27] because of an attractive interaction between the H and H. In the molecular states, however, a protonium (Pn, a bound state of p and p) and a positronium can be formed by a configuration rearrangement reaction. The size of the Pn (1s) state is about 900 times smaller than that of H (1s) and the dipole moment of the Pn (1s) is too small to form a bound state with Ps (1s). Thus, the molecular states are not true bound states like PsH and H 2 but resonance states. In the present paper, we call the resonance states located below H (1s) + H (1s) molecular resonance states HH in analogy with H 2 .
HH dissociates into fragments by the configuration rearrangement reaction,
HH has been investigated by theoretical calculations based on the adiabatic (Born-Oppenheimer) framework [28] where the motions of the electrons and positrons (light particles) are calculated separately from those of the nuclei (heavy particles). However, the attractive interaction between the antiproton and proton accelerates the speed of the nuclei up to that of the positron and electron and the adiabatic framework breaks down at short inter-nuclear distance. Recently, resonance energies and widths below the dissociation threshold of H (1s) + H (1s) were calculated [29] with a nonadiabatic calculation, the Gaussian expansion method (GEM) [30] . The reported resonance energies are somewhat close to the adiabatic energy levels. An investigation on weights of the wavefunction by Stegeby and Piszczatowski [29] suggests an intriguing aspect on the mechanism and structure of the resonance states and admits further studies. In the present paper, we investigate the role of the inter-particle correlations, 'positron-antiproton and electron-proton' and 'positron-electron and antiproton-proton' correlations, in the HH resonance states by analyzing the energy levels by a coupled channel study [27, 31, 32] using GEM. We use simple coupled-channel trial wavefunctions due to the limit of computation cost, and calculate resonances by a complex scaling method [33] . Atomic units (a.u.; m e = = e = 1) are used throughout this paper, except where mentioned otherwise.
Theory
The total Hamiltonian for HH is written as
whereK x (x = {p, p, e + , e − }) is a kinetic energy operator associated with position vector of particle x,K CM is the kinetic energy operator for the center of mass of the system and r xy is inter-particle distance between x and y. The Schrödinger equation is given by
where E Jυ is the eigenenergy of the υ-th eigenstate with total angular momentum J. Since we focus on the S-wave resonance states, we set J = 0. We hereafter omit J and υ for simplicity. In the GEM, the totalwavefunction Ψ is described as a summation of channel wave functions ψ c . In the present paper, we introduce two different Jacobian coordinate systems c = 1, 2 shown in Fig. 1 . The first channel c = 1 is suitable to describe the H + H configuration and the second one c = 2 is suitable to describe an alternative configuration, Pn + Ps. The channel wavefunction ψ c is expanded in terms of Gaussian functions. The explicit forms for ψ c=1 and ψ c=2 are respectively given as
and
The linear parameters A n c,1 ,n c,2 ,n c, 3 and B n c,1 ,n c,2 ,n c,3 are determined by the variational principle for eigenenergies. The non-linear parameters α c,n c,1 , β c,n c,2 and γ c,n c,3 are given according to the geometrical progression to describe both short-range correlation and long-range tail behavior. In order to avoid numerical error caused by non-orthogonality of Gaussian functions, we here introduce Gaussian functions multiplied by cosine and sine functions. In the present case, we optimize the parameter to be ζ = 1.5. The total wavefunction is written in the form of a coupled channel wavefunction,
The mixing of the two functions ψ c=1 (r 1 , r 2 , r 3 ) and ψ c=2 (R 1 , R 2 , R 3 ) can facilitate inter-particle correlations in the molecular resonance states HH. Near the H (1s) + H (1s) dissociation threshold (E th = −0.999 456), rearrangement dissociation thresholds to Ps (n = 2) + Pn (n = 22) (E th = −1.010 926) and Ps (n = 1) + Pn (n = 25) (E th = −0.984 461), are located. Therefore, the channel function ψ c=2 (R 1 , R 2 , R 3 ) is required to reproduce excited states of the Pn (n < 30). Numbers of Gaussian range parameters for r 3 and R 1 appeared in Eqs. (4) and (5) is set to be more than 120 to reproduce many nodes in the wavefunctions of the excited states.
Resonance energies and widths are determined by a complex scaling method [33] . A complex dilation operator is defined as
where f (r) is an arbitrary function of a position vector r, and η and θ are positive real numbers for complex scaling. A complex scaled Schrödinger equation is given as
where E(η, θ) is a complex eigenenergy and Ψ (η, θ) = U(η, θ)Ψ is a complex-scaled total wavefunction. After the complex scaling, eigenenergies for the bound states do not change, but those for continuum states rotate θ on the dissociation threshold point in the complex energy plane. For the resonance states which have natures of both bound and scattering states, eigenenergies firstly rotate and then reach a stationary point. The resonance energy E r and width Γ are determined as
is satisfied. Fig. 3 Complex scaling trajectories as a function of θ (Δθ = 0.01) with (a) Ψ (c=1) and (b) Ψ (c=2) using η = 1. The closed red box is the dissociation threshold of H (1s) + H (1s), the closed red upper triangle is the dissociation threshold of Ps (n = 2) + Pn (n = 22). The dashed lines rotated on each dissociation threshold by −2θ show θ-rotated continuum states associated with the dissociation threshold. An arrow denotes the stationary point for the change in θ.
Results and discussion
We obtain a resonance state below the H (1s) + H (1s) dissociation threshold; the threshold energy is E th = −0.999 456. The complex scaling trajectories are shown in Fig. 2 . Nine trajectories reach stationary points which satisfy Eq. (9), and the resonance energy and width are determined at the point (E r = −1.077 4 (3) and Γ = 0.001 6 (3)). The η parameters are chosen to make the trajectories reach the stationary point from different directions. The discrepancy in the stationary points gives the error of the resonance energy and width shown in parentheses. The interval of the θ parameter, Δθ, is chosen to make intervals of enigenenergies much smaller than the desired precision near the stationary point. The resonance energy E r = −1.077 4 (3) is close to the 24th vibrational state in the adiabatic framework [28] , whose energy is E BO = −1.091. Although the adiabatic framework cannot calculate the width because it cannot include the positron and electron in the continuum state, the non-adiabatically calculated width gives a lifetime of this resonance state, τ = 1/Γ = 16 (2) fs.
For the analysis of HH, we investigate the complex scaling trajectories by examining the contribution of each of the channel wavefunctions. First, we use the following trial wavefunction
Real part of eigenenergy (a.u.) Imaginary part of eigenenergy (a.u.) Complex scaling trajectories near the dissociation threshold H (1s) + H (1s) calculated by Ψ (c=1) with η = 1 is shown with a step Δθ = 0.01 in Fig. 3 (a) . The wave function given in Eqs. (4) and (5) vanish in the asymptotic region where r → ∞, the continuum eigenenergy distribution for scattering states becomes a discretized distribution consisting of so-called continuum-discretized states. Since resonance states are embedded in the scattering states (continuum states), we need to distinguish the resonance states from the discretized states. Above the dissociation threshold (red square in Fig. 3 (a) ), the complex scaling trajectories which rotate on the dissociation threshold with the angle of θ indicate the continuum-discretized states. We can see a stationary point for the change in θ at −1.024 2 (2) − 0.000 20 (5)i. Other series of the states are also discretized-continuum states associated with lower dissociation threshold. A close-up view of the complex scaling trajectories near the stationary point at −1.024 2 (2) − 0.000 20 (5)i is shown in Fig. 4 . The resonance widths calculated with Ψ (c=1) are always smaller than those with Ψ = ψ c=1 + ψ c=2 because ψ c=2 describes the dissociation states, Ps (1s) + Pn (ns), where n is a principal quantum number.
In order to examine the role of the Ps + Pn configuration for the formation of molecular resonance states, we calculate the complex eigenenergies using the second trial wavefunction defined by the c = 2 coordinate system
The calculated complex eigenenergies are shown in Fig. 3 (b) . We can see that the continuumdiscretized states rotate −2θ on the Ps (n = 2) + Pn (n = 22) dissociation threshold (red triangle symbol). In contrast to the calculation with Ψ (c=1) , no stationary point is found in the energy region between −1.025 a.u. and −0.995 a.u.; namely, all states shown in Fig. 3 (b) are in the continuum. This could be because the spherical but highly excited Pn states whose size is ∼ 1 a.u. described in Ψ (c=2) cause only a weak attractive interaction between the Ps and Pn. Finally, we comment on the channel functions Ψ (c=1) and Ψ (c=2) in the hydrogen molecule. In the hydrogen molecule, Ψ (c=1) would play a similar role as in HH while there is no explicit channel de- scribed by Ψ (c=2) . When we adopt the same trial function Ψ (c=1) to the calculation of the H 2 molecule by replacing the particles {p, e + } by {p, e − }, the complex scaling trajectories show a different spectrum from HH as shown in Fig. 5 . Here we treat the four constituent particles to be non-identical for the comparison with HH. Namely, in the present calculation, we distinguish the two protons and electrons, respectively. Since the eigenstates of H 2 located below the H (1s) + H (1s) dissociation threshold are true bound states, the complex eigenenergies stay at the points on the real axis with increasing θ and η. We can find several stationary points accumulating to the dissociation threshold on the real axis and the rotation spectra of the continuum-discretized states of H (1s) + H (1s) above the dissociation threshold. This accumulating spectrum is convincing because the major interaction between the two hydrogen atoms are characterized by a long range attractive potential. The interval of the stationary points of H 2 is much smaller than that of HH though the Van der Waals interaction between H and H is the same as that between H and H. This suggests that the attractive interaction between the two atoms have a shorter range in HH than in H 2 . This suggestion is consistent with the result that the adiabatic potential of H 2 [34] is deeper than that of HH [35] outside 1.5 a.u.
Conclusion
We report a coupled channel study of molecular resonance states of HH below the H (1s) + H (1s) dissociation threshold based on a non-adiabatic treatment. A complex scaling method is adopted to calculate the resonance states. A coupled channel wavefunction that includes two possible configurations of HH and PsPn gives a resonance state whose lifetime is estimated to be 16 fs. An adiabatic treatment gives a molecule with infinite lifetime against dissociation; therefore, a non-adiabatic calculation including dissociation channels is required to discuss the stability of HH.
An effect of the rearrangement between H + H and Ps + Pn channels is investigated by the fragment channel wavefunctions. The channel wavefunction of the H + H configuration gives a narrow resonance width and relatively long lifetime. Mixing of the two configurations makes the HH molecular resonance states unstable. The attractive interaction of the HH is shorter than that of H 2 and hence the channel wavefunction of H + H configuration gives a more sparse density of resonance states in HH than the density of bound states in H 2 . Besides, the rearrangement effect is unique for HH in comparison with H 2 and ordinary molecules consisting of particles.
Resonance states located near the threshold would affect the low energy scattering cross section [36, 37] . Thus, an accurate calculation of the molecular resonance state of HH can contribute to low energy antihydrogen experiments where the H + H reaction occurs [36, [38] [39] [40] . A detailed calculation including inter-particle correlations with higher angular momenta is now in progress. The inter-particle correlation with higher angular momenta in H + H configuration can provide a more precise description of the Van der Waals interaction between H and H. On the other hand, such interparticle correlation in the Ps + Pn configuration can introduce different dissociation channels and would shorten the lifetime of the resonance states. It could be possible that the energy spectrum of resonance states of HH near the H (1s) + H (1s) dissociation threshold is different from that of bound states of H 2 near the H (1s) + H (1s) dissociation threshold because the same trial wavefunction used in this work gives a different tendency in the complex scaling trajectories near the dissociation threshold. In future work, the nuclear force and annihilation effect should be investigated because in the S-wave state, the probability that the antiproton and proton contacts in the resonance state could be significant. Previous scattering calculations for H + H [36] and p + H [41] indicate the importance of the nuclear force and annihilation effects.
